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Abstract 

We quantize the particle dynamics in AdSjv+ixS* 1 spacetime in static gauge, which leads 
to the coordinate representation with wave functions depending only on spatial coordinates. 
The energy square operator is quadratic in canonical momenta and contains a scalar cur- 
vature term. We analyze the self-adjointness of this operator and calculate its spectrum. 
We then construct unitary representations of the isometry group SO(2, N) xSO(M + 1) and 
calculate the quantum relation between the Casimir numbers. 



Introduction 



In this paper we quantize the AdSxS particle dynamics in static gauge. We use the quanti- 
zation scheme of [1] based on a covariant construction of the energy square operator in the 
coordinate representation, where the wave functions depend only on spatial coordinates. Let 
us first outline the scheme, which we present here in a slightly modified form. 

Particle dynamics in a spacetime with coordinates x M , \x = (0, 1, A/") and a metric 
tensor g^ v {x) can be described by the following action in the first order formalism 



S = Jdr(p,x»-^ (<T W + M 2 ) 



Here M. is the particle mass, A is a Lagrange multiplier and its variation provides the mass- 
shell condition 

g^Pu + M^O . (2) 
Using the Faddeev-Jackiw reduction [2] in the gauge 

x°+p r = 0, (3) 

from ([1]) we get an ordinary Hamiltonian syste nfl 

S = J dr{v n i n -\pi) , (4) 

where function of the spatial coordinates and momenta (x n ,p n ) (n = l,...,jV), is 

obtained from the constraint (j5J) and the gauge fixing condition ([3]). 

Notice that here we have modified the form of the standard static gauge x° = r used 
in pQ. However, this modification does not change the quantization scheme and it appears 
more convenient for a Hamiltonian treatment of (jlj) in a static spacetime, as well as for the 
generalization to string theory [3J. 

A static spacetime metric tensor can be represented in the form 

9r =( 9 n „° ), (5) 



g 



mn 



where goo and g mn are functions only of the spatial coordinates x n . In this case the particle 
energy E(p,x) = —po > is conserved and from (J2J) follows that 

E 2 = A(x) g mn (x) PmPn + M 2 A(x) , (6) 

with A(x) := — goo( x ) > 0. 

Thus, the Hamiltonian in (jlj) corresponds to a motion of a particle in the potential field 
V{x) = | A4 2 A(x) and in a curved background with metric tensor 

hmn(x} 7 , r gmnix) ■ (7) 
A{X) 



1 We neglect the total derivative term — (^Pqt) 
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It is natural to quantize this system in the coordinate representation, where the wave 
functions ip(x) form a Hilbert space with covariant scalar product 



(^l^i) = J d N x yfh{x) ip* 2 (x) ipi(x) , h(x) := det h mn (x) . (8) 

On the basis of DeWitt's construction for quadratic in momenta operators [3], it was 
argued in p] that the energy square operator is given by 

E 2 = -A h + Uh{x) + M * A(x) . (9) 

Here A/, is the covariant Laplace-Beltrami operator for the metric tensor h mn and TZh{x) 
denotes the corresponding scalar curvature. The solution of the eigenvalue problem for (jUJ) 
then provides the energy operator in diagonal form. 

The coefficient in front of the scalar curvature term has been a subject of discussions 
during decades (see [5] and references therein). Therefore it is useful to comment on the 
value of this coefficient, chosen in (jSJ). 

For the particle dynamics in AdSjv+i this coefficient was calculated in p] from the commu- 
tation relations of the symmetry generators. In this case lZh{x) corresponds to the curvature 
of a semi-sphere and, therefore, it is constant. The obtained constant shift in the energy 
square operator provides its spectrum in the form (E +n) 2 , with fixed E and a non- negative 
integer n, that leads to the correct energy spectrum for the AdS particle. 

For a generic J\f + 1 dimensional static spacetime the same value of the coefficient ^fei 
follows from the equivalence between the static gauge quantization and the covariant quan- 
tization based on the Klein-Gordon type equation. 

The covariant quantization is a more conventional approach to the AdSxS particle dy- 
namics [6]. The general case with arbitrary dimensions and radii in this approach was 
analyzed in j7] from the perspective of scalar field propagators. A fixed gauge approach to 
the AdSsX S 5 particle dynamics was considered in [8] in the context of string theory. 

Our aim here is to apply the static gauge quantization scheme to AdSAr + ixS M particle. 
AdS n+1 will be realized clS Qb hyperbola X A X A = -R 2 , with A = (0', 0, 1, N), embedded 
in IR 2 '^ and S M as a M-dimensional sphere Yj Yj = R% in M M+1 , with J=(1,...,M+1). 

In the next section we deal with the classical case, preparing the system for quantization. 



Geometry on AdS^+ixS 

AdS jv+i x S M has Af = N + M spatial coordinates and we associate the first N coordinates 
with the AdS part and the rest M coordinates with S M . The time coordinate x° is given by 
the polar angle 9 in the (X° , X°) plane. 

We parameterize the embedding coordinates of M. 2,N as follows 

A°' = -sinfl, A° = -cos#, X a = -x\ P-=^l- x b x b , (10) 
P P P 

where the coordinates x a are given on the iV-dimensional unit disk. 
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The choice of coordinates <p a on S M is not important for our calculations, since the 
quantization of the spherical part is trivial. We use the Greek letters (a, 0) for tensorial 
indices on S M and they run from iV + 1 to N + M. 



The induced metric tensor on AdS/v-n xS A/ has the structure (El) with 



R ( 9ab 

900 — 5" , 9mn — n , U-L y 



where g ab corresponds to the spatial part of AdS 



N+l 



R 2 ( . x a x b \ 
9ab = ^r[ Kb + —it ( 12 ) 



p V P 



and g a/ 3 is the metric tensor on S M . Note that the scalar curvature for g mn is given by 

n g = -N(N -l)R~ 2 + M(M -l)Rf . (13) 



It is worth mentioning that the metric tensor (112j) corresponds to the Euclidean AdS 
space (Lobachevski plane) and after the rescaling (JTj) with the Weyl factor 



1 P 
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A(x) R 2 ' 

it becomes the metric tensor on the unit semi-sphere (see Fig. 1) with 



(14) 



hab{x) = 5 a b H 7T- , and deth ab = — . (15) 

/r p z 

The total background metric tensor h mn defined by (JTj) has a similar to ffTT]) block struc- 
ture and from (JTSJ) we find the integration measure in (jSJ) to be 

^=^1^^1-1 ^ (16) 

where k = R/Rs and fis is the SO(M + 1) invariant measure on the unit sphere. 
The Laplace-Beltrami operator for the metric tensor h mn then reads 

A h = h ab d ab -(N + M)x a d a + ^ A s , (17) 

p 2 

where 

h ab = 5 ab -x a x b (18) 

is the inverse to h ab and is the Laplace-Beltrami operator on the unit sphere. 

To calculate TZh, one can use the transformation rule (1A.1I) of scalar curvatures under 
Weyl rescalings. With the help of ( ITB"]) it leads to 

^ = (JV + M )(iV + M-l) + M < M - 1 » K2 - 1 ) . (19) 

P 



Now we consider the dynamical integrals related to the SO(2, N) x SO(M + 1) isometry 
transformations 

Jab = V2b Pa + V2 B Po , Uj = V?j * a • (20) 
Here p a and n a are the canonically conjugated variables to x a and Q , respectively, p is the 
negative square root of 

E 2 = % [g a \x)p a p b + g aP {(f) + M 2 ] (21) 

and the coefficients of the momentum variables are the components of the Killing vector 
fields (see (IA.3[) in Appendix) 

V% = g 00 (X B d e X A - X A d e X B ) , V% B = 9 ab (X B d b X A - X A d h X B ) , (22) 

V?j = g a \Yj dfjYj - Yj dpYj) . (23) 

Since we use dimensionless coordinates, the momentum variables p a , ir a and the energy 
are also dimensionless H The minimal energy corresponds to the vanishing momenta and the 
maximal value of p (i.e. p = 1), that yields E^ in = M 2 R 2 . 

The vector field components for the boost generators in (l22p depend on the time coordi- 
nate 9 and to use them in (T2"U|) . one has to make the replacement 9 t— > Et corresponding to 
the gauge fixing <^fy. This calculation for the boost generators at r = yields 

J a0 , = Ex a , J a0 = (p b x b )x a - p a . (24) 

From the canonical Poisson brackets {p a , x b } = 5 a b follows that the energy square (|2~TT) 
and the boosts (|24j) satisfy the Poisson bracket relations 

{E 2 , J a o'} = —2EJ a o , {E 2 , J a o} = 2EJ a0 , (25) 

{JaO', JbO'} = —Jab = {JaO, Jbo} , {JaO', Jbo] = E5 a0 , (26) 

where J a b have the standard form of the rotation generators 

Jab = p a x b - p b x a (27) 

and they correspond to the dynamical integrals (|20]) for the SO(iV) rotations in AdSjv+i- 
Equations 025|) and fT2B1) are then equivalent to a part of the commutation relations of the 
symmetry group Lie algebra. The rest part of the algebra is trivially fulfilled, since the 
rotation generators both in AdS^+i and S M commute with the energy square (121]) . Thus, the 
Poisson bracket algebra of the dynamical integrals (|20~!) is not deformed by the Hamiltonian 
reduction, which is a consequence of their gauge invariance for the initial system (TjQ). 

Concluding this section we comment on the Casimir numbers of the isometry groups. 
From (|225 and ([23} follows (see flA~4|) in Appendix) that 

\j AB J AB = -R 2 (g°°E 2 + g ab p a pb) , \LuLu = R 2 S g^wp (28) 
and due to the mass-shell condition ([2]) we find 

~ Jab J AB ~^ 2 \ Lij L u = M 2 R 2 . (29) 
Notice that this constant coincides with E 2 -. 



2 In fact, E 2 corresponds to the energy square in units of 1/R 2 
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Quantization 

In this section we first investigate the eigenvalue problem for the energy square operator. 
Then we construct the isometry group generators and check the algebra of their commutators. 
Finally, we derive the quantum version of the relation between the Casimir numbers fl29|) . 

The energy square operator is defined by (GO) and in our case its eigenf unctions can be 
written in the following factorized form 

m = ^( x )Y l L ^\<P) , (30) 

where Y^'"'(^i) are the spherical harmonics on S M . These states are the eigenfunctions of 
the Laplace-Beltrami operator As with eigenvalues —L(L + M — 1) for integer L. 
The operator E 2 on the AdS part then is given by 

E 2 = -h ab d 2 ab + (N + M)x a d a + < ^ + C 1 , (31) 



P 2 



with constant parameters 



and C = M 2 R 2 + C 2 + C L , where 



<h = (iV + M - 1)2 (32) 



(7V + M-1)M(M-1) 
° 2 = {K ~ 1} 4(M + N) (33) 



corresponds to the scalar curvature terrro obtained by ( Ti~3l) and 

C L = k 2 L(L + M- 1) (34) 



is the angular momentum contribution from rotations on S M . The operator (13TT) has the 
same structure as in the AdS space, but with deformed parameters, which depend on the 
spherical part as well. Note that the pure AdS case corresponds to M = = L. 

Introducing the radial variable on the unit disk r 2 := x a x a = 1 — p 2 , we find x a d a = r d r 
and the second order derivative operator in (I3ip takes the form 



h ab d 2 ab = d 2 aa -rX r , (35) 

which is obviously invariant under the SO(N) rotations in AdSjv+i- 

Taking into account this symmetry in the operator (IHTj) . one can further factorize the 
eigenfunctions ( 130]) 

i/j(x) = F(r)Y l h '-(i P ) . (36) 

Here Fj 1 ' "'(</?) are again the spherical harmonics, but now on the unit sphere S^" 1 (TV > 1)0 
which can be treated as the boundary of the unit disk. Using the parametrization of the 
radial variable r = cos a, with a G (0, tt/2], and the rescaling of the radial wave function 

F(r) = (sino-)-f (cosa)"^ 1 f{a) , (37) 



3 This term vanishes at equal radii R = Rg (k = 1). 
4 The case N — 1 will be treated separately. 
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we find that /(cr) satisfies the Schrodinger equation with the Poschl- Teller potential [H] 

- d l + -A- + /(<0 = ^ /(*) > (38) 

sin cr cos z cr y 

where 

A = C + ^M(M-2), B = l(l + N-2) + -(N-l)(N-3) . (39) 

The integration measure for the scalar product of wave functions f(a) is just da and the 
Schrodinger operator in (138|) . therefore, is Hermitian. 
Notice that B > 3/4, except for the two cases 

I = 0, N = 3, 5 = 0; Z = 0, iV = 2, B = -1/4 . (40) 

To have the Schrodinger operator in (|38|) bounded from below (see [ID]), we assume 
A > —1/4. This condition bounds the parameter Ai 2 R 2 . 

We are looking for normalizable solutions of (J3SJ). To analyze them, it is convenient to 
introduce the parameters 



1 , N- 1 

^ := 2 + V 4' " := ' (41) 

which are the large roots of the equations — 1) = A and ^(v — 1) = B, respectively. 
The behavior of a solution of ( 138]) at the boundaries is given by 



/(cr) ~ cxa^+cia 1 ' 1 * , a -> 0; /(a) ~ di (7r/2-crf +d 2 (Tr/2-cr) 1 "^ , a -> tt/2 . (42) 

The normalizability of f(a) then requires that c 2 = if \x > 3/2, and c?2 = if z/ > 3/2. 

The case 5 > 3/4 is equivalent to ^ > 3/2 and the corresponding solution of ( 1381) for 
di = 1 and c?2 = is given by 

/(a) = (sin (cos o) v 2 Fi (a, b, c; cos 2 a) , (43) 

with the following parameters of the hypergeometric function 

a = - (// + v - E) , b = -(/i + is + E) , c = " + \- (44) 

Since the wave function ( 13 7p has to be regular at a = tt/2, the solution (143 j) describes the 
two exceptional cases ( 14D|) as well. To analyze the behavior of this solution at the boundary 
cr = 0, let us consider the following two solutions of (138]) 



f\((j) = (sin a)** (cos a)" 2 Fi (a, 6, a + 6 - c + 1; sin 2 a) , (45) 

/2(c) = (sin cr) 1 "^ (cos a) u 2F1 (c — a, c — b, c — a — b + 1; sin 2 cr) , (46) 
where /i(er) corresponds to ci = 1, c 2 = in (1421) and /2(c) to Ci = 0, c 2 = 1. 
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The properties of hypergeometric functions then provide 



T(c-a-b)T{c) T{a + b-c)T{c) 

f{a) = T(c-a)T(c-b) fl{a) + T(a)T(b) ^ " (4?) 

If /i > 3/2, the normalizability condition C2 = requires a = —n with integer n, and this 
condition leads to the energy spectrum 



N / 1 

E n ,i, L = — + ^jA + - + l + 2n . (48) 

The dependence on L (and on the mass parameter and the radii) is contained in the param- 
eter A (see (|39|) and (j52j)). 

Let us now take ■= < /i < |, which corresponds to — j < A < |. In this case the 
solution (|43p is normalizable for any (even complex) values of i? 2 , which means that the 
Schrodinger operator in fl38|) is not essentially self-adjoint. However the analysis of the 
deficiency indices [TU] shows that this operator has self-adjoint extensions. There are two 
different acceptable self-adjoint extensions with wave function fi(a) and /2(c), which are 
specified by the following boundary behavior at o — > 

/i(<7)^a", h{a) ^ o 1 -* . (49) 



The energy spectrum in the first case is obviously given again by (1481) and in the second case 
one finds c — b = —n, which is equivalent to 



.(-) N I. I 



E K J, L = ^-]/A+- + l + 2n. (50) 

For iV = 1 we use the parametrization x 1 = — cos cr, with a G (0,7r), and the same 
rescaling as in f|3T|) . This leads again to the Schrodinger equation f|3"8|) with vanishing B 



A 



-dL + — f(°) = E 2 f(a) . (51) 
sin a J 

If A > 3/4, the Schrodinger operator in ( 15TT) is essentially self-adjoint with spectrum 

K = (A* + , (52) 

where n is non-negative integer and /1 is given by ( )4T|) . 

If— 1/4 < A < 3/4 the Schrodinger operator in (ISTT) is not self-adjoint and one can 
consider two different self-adjoint extensions similarly to the higher dimensional cases. 

An interesting case here is A = (i.e. \i — 1), which corresponds to a free particle in a 
box. The operator —d 2 ua is then characterized by two different self-adjoint extensions. The 
corresponding eigenstates are give by the trigonometric functions 

h,n(cr) = sin(n + I) a , h,n{a) = cosna , (n > 0), (53) 
where /1 n and /2 n satisfy Dirichlet and Neumann boundary conditions, respectively. 
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Now we discuss the isometry group generators. The quantization of the rotation genera- 
tors both on S M and AdS^+i is trivial. Up to the factor (—i), these operators are given by 
the corresponding vector fields obtained from (l22" j) - (}23]) . Therefore, it suffices to discuss the 
construction of the boost generators only. 

We introduce the boost operators, which correspond to the functions (124"]) . similarly to 
the AdS case P 

J a o> = VEx a VE , J a0 = iVE (v a - iV + y~ 1 x a ) , (54) 



E 
with 

V a :=h ab d b = d a -x a x b d b . (55) 

The calculation of the commutation relations of the operators x a and V a with the energy 
square operator (T5TT) is straightforward (see (IA.7D in Appendix) and we obtain the quantum 
version of the Poisson bracket relations (l2"5"j) 

[E 2 , J a0 '] = 1lJ a o E + J a o, , [E\ J a0 ] = ~2lJ a 0' E + J a Q . (56) 

Note that the value (1321) for the constant C\ is important to verify the second relation in 
(1561) . This confirms the value of the coefficient of the scalar curvature term in (Q . 
From the commutation relations (1561) follow the commutators 

[E,Z a ] = -Z a , [E,Z* a ]=Z* a , (57) 

where Z a = J a o' — iJ a o an d Z* = J a o' + iJ a o are the lowering and raising operators in the 
so(2, N) algebra. Then it remains to calculate the commutators between the boosts only. 
In particular, by ( |54"|) one gets 

(58) 



[J a o', Jbo'} = VE(x a E x b E - x b E x a E)-= . 

v E 



To simplify the right hand side here, we apply the same trick as in pQ. Using the commutation 
relation [E, J a o'} = iJ a o, which follows from ( 1571) . one finds the operator equality 

Ex a E-x a E 2 = N + A f~ 1 x a -V a . (59) 

Li 

The operator in the parentheses of ( 1581) . therefore, corresponds to the generator of SO(iV) 
rotations (1271) given by % J ao = x b d a — x a d b . Since [E, J a b\ = 0, one can neglect the y/E terms 
in (1581) and obtain 

[J a o' , JbO'} = iJab- (60) 

The other commutators between the boost operators are computed in a similar way and 
they realize the algebra ( l26l) on the quantum level. 

The lowering and raising operators Z a and Z* provide an alternative way for calculation 
of the energy spectrum. One can start with the ground state ipo of the operator ( 13T1) . This 
state is a SO(iV) scalar and it is annihilated by the lowering operators 

eU + ^E-"*^!))*. (61) 



E 
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The ground state wave function ipo(p) then satisfies the equations 

V a Mp) = * a ( N + A f~ 1 - E ) MP) , a = 1, ...N, (62) 



2 

where E denotes the energy of the ground state. Using (1A.6[) . we find the solution 

, ^ C N + M-l 

^ (p) = c oP Eo — , (63) 

up to a normalization constant c . The normalizability condition with integration measure 
( IT6l) restricts the minimal energy by the unitarity bound in the AdS space [H] 



N 

E >--1. (64) 



The wave function (163]) should also be an eigenfunction of the energy square operator ( 13T1) 
with eigenvalue Eq. This condition relates E to other parameters of the theory in the form 



N\ 2 1 



£o-yJ =A +4' ( 65 ) 

where A is given by (|39|) . Ifl/4<A<3/4 one gets two solutions of (|65l) as above. However, 
since A is unbounded for increasing L, one has to take only the large root Eq of (165]) . The 
action of the raising operators on the ground state shifts the energy levels by one and we 
obtain the same spectrum as above and the following representation of the isometry group 

J2D E + {L) (0(2,N))®D L (0(M+1)) , (66) 

L>0 

where D E +^(0(2, N)) and Dl(0(M + 1)) are the corresponding standard representations. 
Taking the case of equal radii (k = 1) and M = N + 1, we obtain 



N / N 2 
E+(L) = - + \jMm* + L(L + N) + —. (67) 

Finally, we consider the quantum version of the relation (129]) between the Casimir num- 
bers. In the calculation of the Casimir number operator of the SO(2, N) group one can use 
the identity (IBT?]) for the term —J a o' J a o' an d the factors yE in the term — ( J a o' Jao' + Jao Jao) 
can be removed by the same trick as in (158]) . The computation of the remaining part is 
straightforward, and taking into account that ^LjjLjj = —As, we find 

\ Jab J AB - \ Ljj L IJ = M 2 R 2 + C 2 - - - ^ ~ 1)2 . (68) 
Notice that the quantum correction here vanishes for k — 1 (i.e. R = R s ) and N + 1 = M. 
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Appendix 

In this Appendix we collect some useful formulae used in the main text. 
Weyl transformation of a scalar curvature 

If a metric tensor h mn {x) is a Weyl transformed g mn (x) 

then its scalar curvature is given by 

n h = A ^ g + (AT-l)A g (logA)- (A/ '~ 1) 4 (A/ '~ 2) y™9 m (logA)9 n (logA)) . (A.l) 
Killing vector fields on AdS^+i and S M 

The Killing vector fields on AdS^v+i and S M are treated similarly and it is sufficient to 
consider the spherical part only. 

Let us introduce vector fields Vi on S M with components Vf = g a/3 dpYi. These fields are 
obtained from the equations Vi J g — dYj and they satisfy the relations 

Vj(Y K ) = 6 IK -^. (A.2) 

The Killing vector fields V/j with components ([23]) then can be written as V/j = Yj Vi—Yj Vj, 
and due to (I A. 21) they provide the infinitesimal form of the isometry transformations 

Vu{Y K ) = 8 IK Yj - 5j K Yj . (A.3) 

The metric on S A/ can be written as dYj dY/ = | 9jj 9jj, with 9jj = Yj dYj — Yj dYj, and 
in local coordinates one finds 

\v?jV!j = ^. (A.4) 

Algebra of the boost operators 

The energy square operator ( l3T|) is linear in H = —h ab dl b and D = x a d a , whereas the boost 
generators ( 154|) are linear in V a and in the multiplication operator x a . The commutators of 
these operators form the following algebra 

[D,x a }=x a , [H,x a } = -2V a (A.5) 

[D, V a ] = -2x a D - V a , [H, V a ] = 2V a - 2x a H , 

and, in addition, one has 

[V a ,p] = Va(p) = -X a p. (A.6) 

From these commutators follow 

[E 2 , x a ] = -2V a + (M + N)x a , [E 2 , V a ] = -2x a (E 2 - d) - (M + N - 2)V a , (A.7) 
which turn the equations in (!56|) to identities. 
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Figure 1: The unit disk here is tangent to the Lobachevski plane at the pole. The coordinates on 
the disk used in the parametrization (jlOp correspond to the stereographic projection onto the disk 
made from the origin of the 3d space. The unit half-sphere is also tangent to the disk at the pole. 
The same coordinates parameterize the unit half-sphere by the vertical projection. 
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